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Abstract. Consider an abclian variety A defined over a global field K and let L/K be a Z^- 
extension, unramified outside a finite set of places of K, with Ga\(L/ K) = T. Let A(r) := Z p [[r]] 
denote the Iwasawa algebra. In this paper, we study how the characteristic ideal of the A(r)- 
module Xl, the dual p-primary Sclmer group, varies when L/K is replaced by a intermediate 
ZJ-extcnsion. 



1. Main Results 

Let A be a g-dimensional abelian variety denned over a global field K and let L/K be a Zp- 
cxtension, unramified outside a finite set of places of K, with Gal(L/K) = T. For each finite 
intermediate extension F/K of L/K, let Sel p <x>{A/F) denote the p-primary Selmer group (see 
and set 



Sel p oo(A/L) = HmSeLpoo^/F). 

F 

We endow Sel p oo( J 4/L) (rcsp. Scl p °o (.A/F)) with the discrete topology and let Xl (rcsp. Xp) 
denote its Pontryagin dual group. The main aim of this paper is to study how the characteris- 
tic ideal of Xl over A(r) := Z p [[L]] {the Iwasawa algebra) varies, when L/K is replaced by an 
intermediate Zp-extension L'/K. Our result has many applications. In particular, it leads to a 
structure theorem of Zl, the Pontryagin dual of lhn F Qp/^p <8> A{F) (see fll.6[) . 

1.1. Notation. Let S denote the set of places of K ramified over L/K. For an algebraic extension 
F/K and a place w of F, let F w denote the iu- completion of F. If w is a non-archimedcan place, 
let O w , m w and F^, (or Of„, ™f„ and Ff„) denote the ring of integers, the maximal ideal and the 
residue field of F w . Also, denote q w = \¥ w \. We fix an algebraic closure K of K and let K s C K 
denote the separable closure of K, and the same for K v . 

For an abelian group D, let D p (resp. Ddiv) denote the p-primary (resp. p-divisible) part of D tor , 
the torsion subgroup. For a locally compact group G, let G v denote its Pontryagin dual group. 
In this paper, we always have G v = Hom COTlt (G, Q p /Z p ) as G will be cither pro-p or p-primary. If 
O is the ring of integers of a finite extension Q of Q p and G is an O-module, we endow G v with 
the O-module structure by setting a ■ ip{g) — ip{a ■ g), a G O, <p € G v , g G G. As O- modules, G is 
cofinitcly generated if and only if G v is finitely generated, and denote corankci(G) := ranke>(G v ). 

write OG for O ®z G. Then we can identify (OG) v with OG v by 



If G is a Zp-modulc, 



introducing a non-degenerate pairing 



OG x OG v 



Qp/Zp as follow. First choose a 



generator (5 6 O of the different of the filed extension <2/Qp and set Tr*(x) = Trg/Q^ • x) for 
x e Q. If a 6 Q/O is the residue class of some y E Q modulo O, let T*(a) G Q p /Z p denote the 
residue class of Tr*(j/) modulo Z p . Then Q : O x Q/O — >• Qp/Z p given by Q(cc,a) := T*(xa) is a 



non-degenerate pairing. Let < , >: OGxOG 



Q/ O be the O-pairing given by < g, <j) >= 4>{g), 
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for g G G, <p G G v . Then define [a,/3] = T*(< a,/3 >). Let ei,...,e n 
P = e l ® <f)i G G v , satisfies [£>G, /3] = 0, then for all x G O, 5 G G, 



be a Zp-basis of C 



If 







T*(.x.J> 



< 9, <fo >) 



Q( x '^2 e t® < 9,<t>i >)■ 



calcondition 



p : lwasawa 



su:desda 



Since Q is non-degenerate, Ei e i® < 9i 4>i > = 0, and hence < g, 0; >= for all g. Consequently, 
<f>i = for every i, whence (3 = 0. Similarly, if a G OG satisfies [a, OG v ] = 0, then a = 0. 

If G is a r-modulc, let T acts on G v by ~t(p(g) := ipp' 1 g). The identification (OG) v = OG v 
depends on the choice of 5. However, it alters neither the 0-modulc structure nor the r-modulc 
structure (if exists) on (OG) v . 

Let fipm denote the p m th root of unity and write n p0a = [J m p pm regarded as a discrete subgroup 

of Q . Let L denote the group of all continuous characters from L to /j, p <x and let Gal(Q p /Q p ) 
act on it via the action on /x p =o. Thus, L = L v as topological groups, while Gal(Q p /Q p ) acts non- 
trivially on L but trivially on L v . If lj G L with the image Im(cj) = fipm, write O u = Z p [fi p m] c Q p . 
If O contains O u and G is an O-module with a continuous action of L, write (for the w-eigenspace) 

:={geG I y = cj(j)-g}. 

For a finitely generated A(F)-modulc W, let XA(r)(W^) denote its characteristic ideal (see 32. 
Denote F' = Gal(i'/if), A(L') = Z p [[L']]. Our result also covers the d = 1 case in which r' = 0, 
A(r') = Z p , and we define XA(r')(^) = Xz p (W / ), the usual characteristic ideal of Z p -module. 

Let A[p m ] denote the kernel of the multiplication by p m on A viewed as a sheaf on the flat 
topology of K and denote Alp 00 } = \] m A\p m \. In particular, A\p°°](K) = A(K) p . Let A* denote 
the dual abelian variety. 

1.2. A local condition. It is well known that if AT is a number field, then the following question 
has an affirmative answer (see below). 

Is Xl finitely generated over A(r)? 

In general, the answer could be obtained via the following local criterion. 

Proposition 1.2.1. The lwasawa module Xl is finitely generated over A(T) if and only if at each 
place v G S, the local cohomology group H 1 (F,„, A(L V )) is cofinitely generated over 7L p . 



The proof, based on results in jTanlO] , is given in H3.51 The condition of the proposition holds 
if if is a number field (Corollary 12.4. 2[) . or if at every ramified place, A has either good ordinary 
reduction or split- multiplicative reduction [TanlOl Theorem 5]. However, if char.(K) = p and the 
reduction of A at a place v G S is an abelian variety without non-trivial p-torsion points, then the 
condition fails to hold (Theorem 13. 6. II) . 



1.3. The specialization data. For the rest of this paper except 33.61 we shall assume that 
every v G S is either good ordinary or split-multiplicative, and hence Xl is finitely generated 
over A(r). Also, for simplicity, we assume that char.(K) = p. if K is not a number field. Write 
©l = XA(r) (A"l). Extend the canonical map T — > V to the continuous Z p -algcbra homomorphism 
(the specialization map) Pl/l' '■ A(r) — 5- A(r'). Then the following question arises: 

What is the relation between Pl/l'{®l) and 0_l'? 

To illustrate our answer, some simplification and notation are in order. First, by choosing a 



C C •■• C L^-^ c L with each Gal(LW/K) 



Z' 



-l+i 



sequence L' C L" C 

write Pl/l' = Pl"/L' ' ' ' °Vl^+ 1 ) /l« ' ' ' PL/H d -') 1 an( i hence answer the question for Pl/u 
by answering that for every p^ct+i) /£(»)• Therefore, without loss of generality, we may assume that 
e = d—1. We shall make such assumption and then fix a topological generator -0 of ^ := Gal(L / L') . 
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1.3.1. The global factor. Let K 1 / K be a Z p -extension and let a be a topological generator of the 
Galois group. If ei, e; are eigenvalues, counted with multiplicities, of the action of a on the Tate 
module T p A\p°°](K'). Then the product C 1 ~ e J 1(J ) C Z p {[G&l(K' / K)]) is nothing but the 

characteristic ideal of T p A[p°°](K') over Z p [[Gal(K' / K )]], and in particular, the ideal 

1 

w k'/k :=n( 1 - e 7 1(7 )( 1 - e 7 V " 1 ) 

3=1 

is independent of the choice of a (See Proposition 12. 3.5|) . If K' /K is a Zp-extension with e > 2, 
set w K , /K = (1). 

Definition 1.3.1. Define the A(T')-ideal 

■w L '/k ifd>2; 



Ql/l' 



ifd = l. 



I \A\p°°](K)r)A\p°°](L) di „\* 

1.3.2. Local factors at unramified places. 

Definition 1.3.2. For each v, let Tl v denote the group of the connected components of the closed 
fiber (over F„) of the N'eron model of A/K v and let n v denote the Z p -ideal (|TT^ al< ' Fl '/ F ") |). 

1.3.3. Local factors at good ordinary places. Suppose that A has good ordinary reduction A at 
v. Then eigenvalues of the Frobenius endomorphism F v : A — > A over F„ are, counted with 
multiplicities, 

ai, ...,a g ,q v /ai, ...,q v /a g , 
where ati, a g are eigenvalues of the (twist) matrix u of the action on the Tate module of 
by the Frobenius substitution Frob^ 6 Gal(F„/F„) ( |Maz721 Corollary 4.37]). 

Definition 1.3.3. Suppose A has good ordinary reduction A at v and L'/K is unramified at v 
with the Frobenius element [i>]l'/k £ T' . Define 

g g 



fr,> 



IK 1 



"i ■ Ml'/k 



)xIK 1 



Il'/k . 



c A(r') 



i=l 



1.3.4. Local factors at split multiplicative places. Suppose A has split multiplicative reduction at 
v. This means there is a rank g lattice £l v ~ Z x • • • x Z sitting inside the torus T = (K* ) 9 so that 
T/Q, v is isomorphic to the rigid analytic space associated to A (see |Ger72j ). In particular, 



a(k v )~(k' v y/n v . 



Consider the composition Q v — > (K*) 9 — ^ (r„) 9 where R v : K* — > T v is the local reciprocity 
map, and extend it Z p -linearly to 





| e : mcrv 








d 


: splitmul 






airmail! I 






t 


: compatible 



(2) 



Tl v ■ Z„ ®z Q v 



Definition 1.3.4. Define to v = xz p (coker [Tl v ]). 

1.4. The main theorem. Here is our main theorem. Recall that ^ = Gal(L/L'). 
Theorem 1. Suppose d > 1 and assume the above notation. Then we have 

©L' - ^l/L' = Ql/V -Pl/l>(®l), 
where "Ol/l 1 '■= Yiv with each § v an ideal of A(r') defined by the following conditions: 
(a) Suppose v $ S. If ^ v 7^ 0, then i?„ = ir v ; otherwise, § v = (1). 
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(b) Suppose v £ S and A has good ordinary reduction at v. If v is unramified over L' / K , then 
"&v = fh'.v', otherwise = (1). 

(c) Suppose v G S and A has split-multiplicative reduction at v. Then 



'A(r') • n> v , if r; = o ; 

(<j — l) 9 , if ~ Z p and T' v is topologically generated by a; 
(1), otherwise. 



0« = 



The proof will be completed in H5.2I The tools, local and global, for the proof will be established 
in §2, §3, and §4. See H1.5\ for the application of the theorem to the Iwasawa Main Conjecture. 
Here is an immediate application. 

Theorem 2. Suppose char.(K) = p and L contains the constant Z p - extension of K. Then Xl is 
torsion over A(T). 



See |MaRu07] for examples of non-torsion Xl in the number field case, while examples in 
characteristic p can be found in [LLTT131 Appendix] . 



KF qP ° 



be the constant Z p -extension over 



Proof. Let ¥ q denote the constant field of K and let Lq 
K with r° = G&\(Lq/K) topologically generated by the Frobenius substitution Frob g : x i— > x q . 
The theorem is already proved in |OTr09] for the L = Lq case. This means &l ^ 0. By repeatedly 
applying Theorem [T] (d — 1 times), we deduce 



Pl/l (&l) ■ wl /k = Si 11^ 



e : actually 



Since T° v ^ 0, for all v, the factor § v equals one of (1), (Frob dog(, ' ) 
■d v ^ 0, for all v. Therefore, Pl/l (®l) 0) an d hence &l 0- 



T) 9 , or fL .v In particular, 

□ 



1.5. The Iwasawa main conjecture. Possibly, Theorem Q] could be useful for determining an 
explicit generator of Xa(F)(Xl)- Assume that an explicitly given clement 6' L G A(T) is already 
known to be a generator of the characteristic ideal of a submodule X' L of Xl, and we want to see 
if actually 



(3) 



In addition, assume that there exists an intermediate Zp-extcnsion Lq of LjK such that &l , the 
characteristic ideal of Xj, over A(Gal(Lo/^))j is explicitly given. Then by applying Theorcm[TJ 
we can obtain an explicit expression of Pl/l (®l) in terms of Ql and other factors. Thus, by 
checking the explicit expressions, we would be able to determine if 



(4) Pl/l (&l) = (Pl/l o (0' l )). 

The point is that Equations ([3]) and Q arc indeed equivalent. To sec this, we only need to write 

Q L = (6' L ■ 6"), for some 9" G A(r) 

and observe that 6" is a unit of A(r) if and only if its image Pl/l (@") is a nnit of A(Gal(L /K )). 
In the function field case, Lq could be taken to be the constant Z p -extension, since an explicit 
expression of Ql is already given in [LLTT13] (for semi-stable A). We can also apply the theorem 
in the reverse direction: if ((3]) is already known then we can use the theorem together with |4]) 
to determine an explicit expression of 0l o - In |LLTT13] this method is used in the case where 
char. (K) = p and A is a constant ordinary abelian variety. 
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1.6. The zero set of ®l and the structure of X£. Our theory is useful for determining the 
A(r)-modulcs structures of 

Y L := (lhnScl p oc(A/ J F) dra ) v , 



Z, 



(lim(Q p /Z p )® A(F))\ 



and 



X° L := (|J(SeWA/L) 



Gal(L/F) 



d:rs 



e 


news 




t 


root 



as well. In general, we have the surjections X® 



Yl »- Zl due to the maps 



Sel p oo(A/F) dM , (Sel p oo(A/L) Gal ( i / F )) d , l , 



The above inclusion is from the Kummer exact sequence, it is an isomorphism if the p-primary 
part of the Tate-Shafarevich group of A over F is finite. Thus, if this holds for all F then Zl =Yl- 
In contrast, by the control theorem (sec e.g. [TanlO, Theorem 4]) if L/K only ramifies at good 
ordinary places then the restriction map resp is surjective for every F, and hence Yl = X®. 

1.6.1. The zero set. The structures of X£, Y L and Z L are related to the zero set of 6^. For 
6 G A(r) define the zero set 

A»:={^f | p u (6) =0}, 
where p u : O u A(T) — > O u is the O u -algebra homomorphism extending uj : V — > O* . Note 
that for each ui G T, the eigenspace (O u Se\ p °° (A/ L))^> is cofinitely generated over as it is the 
Pontryagin dual of the finitely generated 0^-module OA^/ker [p u ] ■ Xl- 

Definition 1.6.1. For each weT, denote s(uj) := coranko^ (O u Sel p °° (A/L))^ . 

We have the inclusions 



((O u Sel p ~(A/L))^) div c ((O u Sel p °o(A/L) keI M) div )W c (O u [J (Sel p oo (A/ L) 

F 

where the left term is just the p-divisible part of the term. Hence, 
(5) s(w) - coranko. (O u \J (Sel p oc (A/L) G ^ L ' F ^ ) dm )^ . 

F 

Theorem 3. A character uj G T is contained in Aq l if and only if s(uS) > 0. 



Gal(L/F) 



^)div ) 



This theorem is proved in N5.3I Let G A(T) be an element vanishing on Aq l . By this, we 
mean that Puj(9) = for every uj G Ae^ ■ Since the O w A(r)-structure of (O^ Sel p oo (A/L))^' factors 

*-O u , we must have Sel p °o(A/L))( w ) =p w (fl)-(O w Sel p oo (A/L))M = 



through O w A(r) - 

for every cj G A 0t . On the other hand, Theorem [3] says if uj ^ A@ L then (0 W Sel p oo (A/L))(™> is 
finite. Thus, • (O u Sel p oo(yl/L))( w ) is always finite for all w G f . 

For each finite intermediate extension F of L/K, denote T(F) := Gal(F/K) and choose O so 
that it contains O u for every u G T(F) := Hom(r(F), /i p oo ) regard as a finite subgroup of T. 



Consider the elements e u 



7G r(F) 



• .9 G 0[T(F)], w G T(F), which are |r(F)|-multiplcs 
of idempotents. Multiplying any finite 0[r(i ? )]-module W by e^'s, we can form a homomorphism 

W<- u) —¥ W 
wef(F) 



(i 
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nishingtheta 



d: simple 



of finite kernel and cokernel. In particular, by taking W = {{O Sel p oo (A/L)) Gal(i/F) ) v and by the 
duality, we have a homomorphism 



OSe\ p ~{A/L) GaliL/F} — > (OScl p -(A/L))^ 



of finite kernel and cokernel. Then by multiplying both sides of © by 9 we see that 

(7) 9-(Sel p oo(A/Lf^ L / F % v = 

as the left-hand side of the equality is finite and p-divisiblc. By |Grn031 Proposition 3.3] (see 
[TanlOl Corollary 3.2.4] and the discussion in §3.3 of the paper for the characteristic p case), if 

rcs L/F : H^F, A[p°°}) — ► H J (L, A[p°°]) GaX(L ' F ^ 

denote the restriction map, then 

(8) | kcr [res L / F ] | < oo, 
and 

(9) | coker [res L / F ] | < oo. 

Then (JT)) and (J8j) imply 9 ■ Se\ p ^ [A/ F) dm = as it is also finite and p-divisible. We have proved: 

Corollary 1.6.2. If 9 e A(P) vanishes on A® L , then 9 annihilates (Se\ p ^(A/L) Gal ( L / F ^) div , 
Selp- (A/F)div and (Q p /Z p ) <g> A(F), for all F. Hence 9 ■ X Q L = 9 ■ Y L = 9 ■ Z L = 0. 

1.6.2. A theorem of Monsky. Now we recall a theorem of Monsky ( |Mon8ll Lemma 1.5 and The- 
orem 2.6]). A subset T C T is called a Z p -flat of codimension k > 0, if there exist 71, ...,7fc 6 L 
expandable to a Z p -basis of L and Ci) •••> Cfc € ^ p °° so that 



T = T~, 



:= {w e r I cj(7j) = d,i = l,...,fc}. 



Theorem 4. (Monsky) If 9 E A(r) is non-zero, then Ag ^ T and is a finite union of "L p - flats. 



Note that for a given 6> E A(r), if T C A 8 then ff T C A e for all a E Gal(Q p /Q p ), as Ag is 
invariant under the action of the Galois group. Also, if T 7 £ C with ( e O then 7 — C divides 
in OA(r), and vice versa (see [LLTT131 Lemma 3.3.3] and its proof). In this case, 7 — a ( also 
divides 9. 

Definition 1.6.3. An element f E A(P) is simple, if there exist 7 E T — P p and £ E n P °° so that 

f = u--= n ^~ a o- 

CT eGal(Q p (C)/Q P ) 

If £ is of order p n+1 and i, = 7* — 1, i = 1, ...,d, where 71,..., 7d is a Z p -basis of L, then 
/ 7l .f is nothing but the polynomial Y^i^oi^ 1 + 1)* P that * s irreducible in Z p [ii]. Hence, a simple 
element is irreducible in A(L) = Z p [[ii, td]}- Obviously, A/ c = Ua^^r.C- ^ n particular, two 
simple elements / and 5 divide each other if and only if A/ = A s . On the other hand, if T = 

T 11 7 fc ;Ci,...,Cfci ^ — 2, then we can find two relatively prime simple elements both vanishing on T, 

for example, f lu ^ and / 72 ,c 2 - 
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1.6.3. The structure of X®. If W is a torsion A(r)-module then 9 := XA(r){W) ^ and there 
exists an pseudo-isomorphism 

(10) l : (A(r)/(/ 1 b1 ))^ © ... © (A(r)/(/f')) Q! © A(T)/&) — > w. 

3=1 

where oi, a;, &i, 6; are positive integers, fi, ft are all the relatively prime simple factors of 
0, and £i, ...,£ m 6 A(r) are not divided by any simple element (I = or m = is allowed). The 

product = /i /; vanishes on every codimension one Z p -flat of Ag. By the above argument, 

we can find two products e = gi g m and e' = g{ g' m , , relatively prime to 4> and to each 

other, of simple elements so that both e and e' vanish on every Z p -flat of Ag of codimension grater 
than 1. Then both <f>e and (jte 1 vanish on Ag. Note that i is actually injective as its domain of 
definition contains no non-trivial pseudo-null submodule (see ij2.1[) . 

If Xl is torsion then by taking W = Xj, in (fTOj) we obtain the exact sequence 

(11) eL(A(r)/(^)) a * © ©f =1 A(T)/&) X L , 

for some pseudo-null N. Let </>£ and <pe' be as above. Let ~ denote pseudo-isomorphism. 

Theorem 5. Suppose Xj, is torsion over A(L) and assume the above notation. Then both <pe 
and fa' annihilate Xl, Y L , Z L and (Sel p oo (A/L) Gal{L / F ^) dlv , Sel p oo (A/F) dlv , (Q p /Z p ) <g> A(F) for 
all finite intermediate extension F of L/K . Moreover, X£ is pseudo isomorphic to Xl/4> ■ X^. 
Namely, if a\, ...,a; are as in (|11|) . then 

xi ~ (A(r)/(A)r © ■ • • © (A(L)/c/or. 

Proof. The first assertion follows from Corollary II .6. 21 Consequently, <f> ■ X\ is pseudo- null, being 
annihilated by relatively prime e and e'. Thus, X£ - AT£/</> • X\. By taking = X^ in (JTUJ) we 
obtain the exact sequence 

o — - ©Li(A(r)/(/ 4 )) C! ^ M , 

for some non- negative integers ci, c; and some pseudo- null M. By comparing this exact sequence 
with (fTTj) using the fact that A(r)/(<^>, £j) is pseudo- null, we see that X^/ipXi, ~ if and only if 

= at for each i. We shall only show c\ = a\, as the rest can be proved in a similar way. 

First choose a £ € A(F) that annihilates M and is relatively prime to <j>. Let denote the field 

OloQp and via A(r) >■ O w C E u we consider the map l u := ®A(r) 6 f° r an 

u} £ Af 1 — (A h U • • • U A /( U A c U A 6 U • ■ • U A £m ). 

Now the -E^-vector space E^ <8>A(r) M = as it is annihilated by Pcj(£) ^ 0. Similarly, as Pui(fi) ^ 
for i > 2, E u ® A(r) A(r)/(/ 4 ) = . On the other hand, as p u (fi) = 0, E u ® A(r) A(F)/(/x) = E u . 
Also, kcr[t w ] = as it is annihilated by Therefore, t w is an isomorphism between E^ 1 and 

^ ®A(r) X%. Hence 

rank „ W © A(r) X° L = dim s „ £ u © A(r) X£ = ci. 
Then we deduce s(w _1 ) = Ci by using ([5]) together with the fact that 

(O u \J(Se\ p ~(A/L) Gal (W) div )^ = (a,X°/ker[p u ]X°) v ~ (O w ® A(r) X°) v . 

F 

Similarly, by tensoring the exact sequence (jll[) with we get a\ = s(aj _1 ), whence a\ = c%. □ 

By Theorem [5] there are non- negative integers a[,...,a'i, a",..., a" with a" < < a*, so that 
Y L ~ (A(r)/(/!)) a i © ■ • • © (A(F)/(/ z )) q ; and Z L ~ (A(r)/(A))< © • • ■ © (A(T)/(/,)) ". 



8 



KI-SENG TAN 



su : algf un 





t:a1 


su 


:when 



e:d-c 



t :nontor 



1.7. Algebraic functional equations. Let " : A(T) — > A(r), x n> x", denote the Z p -algebra 
isomorphism induced by the involution 7 i-> 7 _1 , 7 G T. For each A(r)-module W, let W" 
denote the A(T)-module with the same underlying abelian group as W, while A(r) acting via the 
isomorphism For a simple element / we have (A(r)/(/))" = A(r)/(/). Thus, if Xl is torsion, 



the we have the functional equations X® 
projective limit over F of the dual of 



08 







Sel p ~{A/F) div 



Selpoc (A/F) 



> Yl and Z L ~ 2jr as well. Taking the 

m(A/F) p /m(A/F) div - 



where UI(A/F) denote the Shafarevich-Tate group, we obtain the exact sequence 

>- ol > X L >- Y L »- 0, 

where 



0, 



\ym{m{A/F) p /m(A/F) div ) y . 



Then by using the Cassels-Tate pairing on each U1(A/F) p x UI(A t / F) p , one can actually prove 
the pseudo-isomorphisms a L ~ Ol and X L ^ Xl- The proof is given in |LLTT13j . in which the 
content of Theorem [5] actually plays a key role. 

1.7.1. <Xl is torsion. The following is proved in [LLTT13] by using Theorem[31 while if every v E S 
is a good ordinary place, then it can be proved by the control theorem. 

Theorem 6. The module is finitely generated and torsion over A(r). 

1.8. When is Xm torsion? For convenience, call an intermediate extension M of L/K simple, 
if Gal(M/K) ~ Zp, for some c. For such M, by repeatedly applying Theorem [U we deduce 

(12) Pl/m(Ql)-Q = Qm-#, 

where g ^ and § is a product of local factors obtained from those ^'s in Theorem [TJ It is easy 
to see that ■& / unless M is fixed by the decomposition subgroup of some split-multiplicative 
place v G S. Thus, the following theorem is proved by taking 

T = {L r » I veS is a split- multiplicative place}. 

Theorem 7. Suppose Xl is non-torsion. If L/K only ramifies at good ordinary places, then Xm 
is non-torsion, for every simple intermediate extension M. In general, there is a finite set X 
consisting of proper simple intermediate extensions of L/K, such that Xm is non-torsion unless 
M C Mj for some Mj G X. 

By (32), if Q M = 0, then p L/M (Q L ) = 0. Put T M := {uj e f | w( 7 ) = 1, for all 7 e 
Gal(L/A/)}, the Z p -flat of codimension d — c determined by M. Then Pl/m(®l) = if and only 
if Tm C Ae x , or equivalently, Tm C for some j if Ae L = Uj=i^j- Aff be the maximal 
simple intermediate extension of L/K, so that Tm- C 3j. Then the following theorem is proved 
by setting 

1={M j I i = l, ...,1/}. 

Theorem 8. Suppose Xl is torsion. Then there is a finite set X consisting of proper simple 
intermediate extensions of L/K, such that for each simple intermediate extension M outside X, 
Xm is torsion. 

Hence, if d = 2 and Xl is non-torsion (resp. torsion), then Xm is non-torsion (resp. torsion) 
for almost all intermediate Z p -extensions M. 
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1 : longhi 



e : assytoticf 



: assytoticf g 



t :mw 



e : kappa2 



1.9. The growth of s n . Let K n denote the nth layer of L/K and write I n for the kernel of 

A(r) ^ Z p [T(K n )] . Then Sel p ~ (A/L) Ga ^ L / K ^ is the Pontryagin dual of X L /I n X L , whence 

cofinitcly generated over Z p . Let s n denote its corank. Theorem [9] below gives an asymptotic 
formula of s n . The following lemma as well as its proof is by I. Longhi. Denote E n = Q p (n p ™), 
£ n = p n{d - 2 \ for d > 2; £„ = 1, for d=l. Let J be an ideal of A(L). 

Lemma 1.9.1. (Longhi) If J = (/™^) for some positive integer m and 5q := [Q P (C) : Qp] then 

(13) rank Zp A/(J„ + J) = <J C ■ p n ^ for n > . 

If J = (/), / not divided by any simple element, or (f,g) C J, /or some relatively prime f , g, then 

(14) rankz p A/(/„ + J) = 0(£ n ). 
Froo/. Write L„ = P(X„) and V n := ® Zp (A/I„). Then 

rank Zp A/(J n + J) = dim B „ E n ® Zp (A/(J„ + J)) = dim B „ (14/ JK) • 
One has a decomposition of -E ra -vector spaces 



5 - 



Moreover dim^ Vri 



1 because V n ~ £„[r„] is the regular representation. Obviously 
'0 ifp u (J)=0 



jv}, u > = 



ifp w (j)^o. 



Denote Aj = {w e L | p w (J) = 0}. Then 

dim En (V n /JV n ) = \{lu 6 f n : p u (J) = 0}| 



I A./ HL, 



|Aj[p n ] 



(the last equality comes from T n = T[p n ]). Here G[p n ] denotes the p n torsion subgroup of G. 
Monsky's theorem yields A,/ = \JTj, where the Tj's are Z p -flats. Besides, by [Mon81[ Lemma 1.6], 

\Tj\p n }\ =p n(d ~ k > ) forn»0, 
where kj denotes the codimension of Tj. If J = (f™^), then every Tj is of codimension 1. Hence 

dim En (V n /(f^)V n ) = |A (/ ^ c) [p"]| = S c ■ p n ^ for n » 0. 

To show the second assertion we observe that every Tj should be of codimension greater than 1, 
because if some Tj = T 7; f, then A/ c C Aj, whence / 7l £ divides all elements of J. Thus, 

dim^K/JK) = |A, 7 [p"]| = 0{£ n ). 



□ 



Theorem 9. There exists a non-negative integer K\ such that 



(15) 



Xl is torsion if and only if Ki 
(16) 

X® is pseudo-null if and only if s n = 0(£ n ). 



S n = K lP - + 0(p n ^- 1 >). 

0, in this case there exists a non-negative integer k 2 such that 



Sn = K2P n{d - 1] + 0(£ n ) 
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e : assytoticw 



s :pre 



su : char 



Proof. Suppose W is a finitely generated A(r)-module. Then (fTOj) gives rise to the exact sequence 



e!=i(A(r)/(^)r ©er=iA(^/te 



M ■ 



for some pseudo-null M. Then we tensor the exact sequence with E n <g>% A(T)/I n . Since M is 
annihilated by some relatively prime / and <?, both M/I n M and Tor^r) (A(T)/I n , M) are quotients 
of some direct sums of finite copies of V n /(f, g)V n . Hence, formulae (|13|l and (|14p imply 



rank Zp W/I n W = dim En E n ® Zp W/I n W = ]T S lP n ^ + 0(£ n ), 



(17) 



where Si = 5^ if /, = / 7i ,f 4 . If Xl is torsion, then we take W = Xl to prove (|16|) . In this case, 
X° is pseudo-null if and only if I = (see Theorem [5]) which means ^ <5j = 0. 

Suppose Xl is non-torsion. Then Ae L = L, whence by Theorem [31 s(w) > for all cj. Since 
([5]) is of finite kernel and cokernel, we have 

rank Zp X°// n X° = corank Zp (Sel p ~(^/L) Gal ( L /^)) d „ > p nd . 



By (|17| . Xl is non-torsion, and hence not pseudo-null. Let xi, ...,x Kl G form a basis of the 
vector space generated by Xl over the field of fractions of A(r). Then we have an exact sequence 

A(T) ■ Xi X L ^ W >■ 0, 

where W is a torsion A(r)-module. Then we tensor the exact sequence with E n ®% A(T)/I n . □ 

Remark 1.9.2. By a similar argument, one can prove that: (1) There exists a finite number of 
Z p -flats Ti, Ti so that s(u>) = k% for each ui (Jj T{. (2) If Xl is torsion, then for each Z p -flat 
T C Ae t , there is a finite number of proper Z p -fiats T[, ...,T^ <ZT so that s(lu) is a constant for 
each <E T — [J i T[. (3) There is a bound of s(ui) for all weT. 

Also, Theorem [9] generalizes |MaRu03l Proposition 1.1], as we have s n = rankA(A"„) if L/K 
only ramifies at good ordinary places and UI(A/K n ) p is finite. 

2. PRELIMINARY 

In this section, we assume that L ~ Z p , with d > 0, except in Lemma 12.1.11 and Lemma 
12.3. 1[ where we assume d > 1. If d = 0, we set A(r) = Z p ; otherwise, G&\(L/V) = ^> ~ Z p is 
topologically generated by Let F denote a finite intermediate extension of L/K. 

2.1. The characteristic ideal. Let W be a finitely generated A(L)-module. Recall that W is 
pseudo-null if and only if there are relatively prime elements fi,...,f n , n > 2, in A(L) so that 
fi ■ W = for every i. If W is non-torsion over A(L), then 

XA(r)(W) =0. 

If is torsion, then there exist irreducible £ 1; ...,£ m £ A(L), and a pseudo-isomorphism 



:0™iA(lWA(r) 



w, 



|Bou721 §4.4, Theorem 5]. In this case, the characteristic ideal is 

m 

XA(r)(^) = IIte)'' ! 
fe=i 

Denote 

m 

[W] = 0A(T)/£«A(T). 

i=l 
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e:pseu 



1 : coco 



su:hs 



e : spect 



e : inf res 



1 : spc 



Since each non-zero element in [W] cannot be simultaneously annihilated by relatively primes ele- 
ments in A(r), there is no non-trivial pseudo-null submodule of [W], and hence <p is an embedding. 
We shall fix a exact sequence (with N pseudo-null): 



(18) 







[W] 



w ■ 



N 



0. 



Lemma 2.1.1. Suppose M is a A(T) -module and Tq is a closed subgroup of T such that the 

composition Tq^ >■ T »- r' is an isomorphism. If M considered as a A(To)-module is finitely 

generated and torsion, then 

XA(ro(M*) = XA(n(M/(ip - 1)M). 
Proof. It follows from the exact sequence of A(ro)-modulcs: 

>■ Af* >■ M -^i- M M/(ip - 1)M ^ 0. 



□ 



2.2. The Hochschild-Serre spectral sequence. In this subsection, let K, be any field. Let © 
be a sheaf of abelian groups on the flat topology of JC and let T jK, be a finite Galois extension 
with G = Gal(J- '/ X) . Then there is the Hochschild-Serre spectral sequence 

(19) E p 2 ' q = IP(G, R q (T, ©)) => H p+9 (/C, ©), 

and in particular (see }Mil801 p. 105]), the exact sequence 



(20) ►H'fcefj)) 



H^(G,6(J-))^-ker 




H 1 (G, H 1 ^, 6)) H 3 (G, ©(.F)), 



where for each i, inf^ : rP(G, ©(J 7 )) — > IT(/C, 6) and res^ /K : H*(/C, 6) — > IT (J", 6) denote 
the inflation and the restriction maps. 

Lemma 2.2.1. Suppose K, <Z £ <Z J- and EjK, is Galois with Gb1(J-/£) = H. Then we have 
commutative diagrams: 



e:spcohl (21) 



R\lC,e) ■^l K R\£,6) G / H -^H 2 (G/#,©(£)) 



inf 



H^/C, 6) _ZZ£ R X (T 1 6) 



H 2 (G,6(^)), 



e:spcoh3 (22) 



kcr 



ker 



R 1 (G/H, H 1 ^, ©)) — 5-*. H 3 (G/£T, ©(f)) 

inf% /£ 



'TIC 



H'tCH'fJ, ©)) H 3 (G, ©LF)), 



« : H»(G/ff,IF (£,&)) — > H'(G,ff (P,©)) 
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e:inf2 



e : inf 3 



su: torsion 



1 : cof ito 



is induced by the restriction map LP(£, ©) — > H^J 7 , &) that respects the actions ofG/H (on the 
left-hand side ) and G (on the right-hand side ). 

Proof. Recall that if the complex C is an injective resolution of 6 (in the category of sheaves on the 
flat site of Spec/C) and the bi-complex / is a fully injective (Cartan-Eilenberg) resolution of C(T) 
(in the category of G- modules), then the spectral sequence (|19j) is obtained from the bi-complex 
I G (with (I g )pi = (I pq ) G , the part of I pq fixed by G). Let the bi-complex J be a fully injective 
resolution of C(£ ) (in the category of G/H- modules) that gives rise to the spectral sequence 

E p 2 ' q = W(G/H, H 9 (£, 6)) => fP +9 (/C, 6). 

Since an injective G/ii-module is also injective as G-module, we have a G-morphism J — > I. The 
commutative diagrams are obtained from the induced morphism J G / H — > I G . □ 

We are mostly interested in the case where G is cyclic. Denote g = |G|, h = \H\. We fix a 
generator of G and choose its fZ-coset as a generator of G/H. Then we have the commutative 
diagram (see }Ser79[ VIII.4]): 



R 2 (G/H, 



Rom(G/H, 



Z/fZ 



inf 



H 2 (G,Z) 



Hom(G, 



Z/gZ, 



where the right down-arrow is induced by the homomorphism Z — > Z, 1 4 fc. Let 5g G H 2 (G, Z) 
be the class corresponding to 1 (mod gZ) in the above diagram. Then we have the induced 
commutative diagram: 



(23) 



6(£)/N G/JJ (6(£)) 



6(/C)/N G (6(.F)) 



H (G/H,G(£)) 



R 2 (G/H,6(£)) 



inf 



H (G,&(T)) 



H 2 (G,6(.F)), 



where the upper and lower right-arrows are, respectively, cup-product with Sg/h and 5g, and the 
left down-arrow is induced by the multiplication by h on &(IC). Similarly, we have the commutative 
diagram 



(24) 



H^G/if, &(£)) ^ H 3 (G/iJ, &(£)) 



H 3 (G,6(^)), 



H 1 (G, ©(J 7 )) 

where the left down- arrow is the h multiple of inf^^ £ . 

2.3. Cohomology groups of ^[p 00 ]. In this section let D be a discrete p-primary abelian group 
cofinitely generated over Z p . 

2.3.1. Assume that T acts continuously on D. 

Lemma 2.3.1. Suppose D r is finite. Write Gi = H 1 ^, D), C 2 = D* . 

generated over Z p and 

= ixA(T')(C 2 V ), ifd>2; 
{XA(r>)(C 2 /C 2 riD dlv ), ifd=l. 



Then is finitely 
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c : chicohl 



c : cof ito 



p:torcomp 



Proof. Denote #W = and = Every x G D is fixed by $( n ), for some n. If x 

is of order p m , then, for / > n + m, the norm N* ; (a;) = 0, and hence x determines a class in 
H 1 (\E' i , Z}* <!> ). Therefore, C x = 2?/(V> - l)D and consequently, = (Z? v )*. On the other hand, 
C^f = D v /(ip — 1)D V . If e? > 2, then the lemma follows from Lemma \'2. 1.11 as D v , being finitely 
generated over Z p , is torsion over A(To) for any choice of IV If d = 1, then $ = T and 25* is 
finite. It follows that D<n v — > Ddiv, x <— > (ip — is surjective. Thus, the snake lemma for the 
multiplication of (?/> — 1) on the exact sequence 







Ddi 



Ci 



— ► D 
^C 2 - 
2?/W" 



2? 







1)2?. 



gives rise to the exact sequence 

as well as the isomorphism 
Since 2? is torsion over A(r ) 

imply Xz P {Ci) = Xz,0D*) = X z p {C 2 /C 2 n 2?<fe). Now, C# ~ Ci, as d is finite. 
Corollary 2.3.2. 2/d > 3, then H 1 ^, A[p°°](L)) is pseudo-null over A(r'). In general. 



Z p , for To = = r' , Lemma 12.1.11 and the above exact sequences 

□ 



XA(r ,)(A|p°°](L') V ), 

/ \A[p°°](K)\ 
\\A\p°°}{K)nA\p<*>]{L) di . 



r). 



ifd>2; 

ifd = l. 



Proof. The second assertion is immediately from Lemma 12.3.11 Since A[p°°}(L') is finitely gener- 
ated over Z p , it is pseudo-null over A(r'), if d > 3, whence the first assertion follows. □ 



Corollary 2.3.3. Suppose T 



Z p and D is finite. Then 
| H 1 (r, Z?)| = |2? r |. 



2.3.2. Next, consider the case where a topological group C ~ Z p acts continuously on D. We are 
going to discuss some associated modules over A(C) := Z P [[C]] as well as their characteristic ideals. 

Denote C (m) = C pm and D m = D c<m) for m = 0,1,..., oo. Also, denote = C (m) /C (m,) for 
m' = m, oo. Define M := l^im^ D m , with the limit taken over norm maps N^ m ' : 2? m / — > D m . 
Define N := 2? v , the Pontryagin'dual of 2?, and T := Urn^ D\p n ], the Tate-moduTe of D. 

Let c be a topological generator of C. Let e±, ...,e m , counted with multiplicities, be the eigen- 
values of the action of c on T. Note that e\ ■ ■ ■ e m = det(c) is a p-adic unit, and hence so is each 
ej. Also, ej = 1 for some j if and only if D = D c is infinite. 

Lemma 2.3.4. We have X z p ((2?o n D dlv ) v ) = H? =1 (l -£,■) = H? =1 (l - ej 1 ). 

Proof. Let N° denote the Z p free part of N. Then (2? n D div ) y = N°/(c - 1)N° whose p-adic 
valuation is the same as that of the determinant (of 1 — c acting on Q p <E>% p N°) 



det(l 



p:torcompl 



□ 



Proposition 2.3.5. Suppose D m is finite for each m. Then M ~ T as K(C) -modules, and 



XA(c)(M)=XA(C)(T) = (n( 1 
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XA( C )(N) = {f[(l -ej'c- 1 )). 

3=1 

Proof. Let 1/ = Q p ®z p T and let /(s) = njli( s ~ e j) ^p[ s ] be the characteristic polynomial 
of the matrix given by the action of c on V. By the Jordan decomposition of the matrix, we 
can find a A(C)-submodule T' of T of finite index so that xa (C )(T') = (/(c)). As T' and T are 
pseudo-isomorphic, Xa(c)(T) = (/(c)) = (njLi( c ~~ e j)) as we U- This yields the desired expression 

of Xa(c)(T), since c and e\ e m are units of A(C). Similarly, since ej -1 , e" 1 are the eigenvalues 

of the action of c on Q p (g> Zp N, we have Xa(C)(N) = (Oj=i ( c 1 — e j))- 

To complete the proof, we need to establish a pseudo-isomorphism i : M — > T. Without loss of 
generality we may assume that D is p-divisiblc, as replacing D by Ddiv does not alter the structures 
of M and T. The exact sequence (of Q™ -modules) 



D m >\p r ' 



D r 



■ n n D 



o, 



where D m i [p n ] denotes the p"-torsion subgroup of D m < , induces the Kummer exact sequence 



D m n p n D r , 



H 1 , D m , \p n ]) H 1 (<?"' , D m , ) 



Choose mo so that -D[p 2 ] C £) m _i, for m > rriQ. Then for m! > m > mo, 

H 1 (g™l lJ i5 m /[p i ])=Hom(a™: i ,D m /[p i ]), i=l,2. 
Since -D is p-divisible, D m -\ = D m -\ f]pD. The commutative diagram of exact sequences 



D m -i 



pAn — Hom(g™_ 1 , £> m b] ) 



H 1 ^ 



D r , 



where m/ denotes the inflation map and the second equality is due to the fact that G^-i is 
the unique quotient group of Gm-i of order p, implies C pD m . We claim the inclusion 

pD m C D m -i also holds. Therefore, D m -i = pD m . 

To prove the claim we show that if D — D m /D m -i then D[p 2 ] = D[p], as the assertion implies 
D = D[p\. Write E% = D m ^if]p t D m and Fi = p l D m -i. For each i we have the group homo- 
morphism m : Dip 1 ] — > Ei/Fi given by a h- > b such that if a = x is the residue class of some 
x 6 D m modulo D m -i, then b is that of p l x modulo F%. Obviously, every iri is a surjection, and by 
-D[p 2 ] C D m -x, both 7Ti and 7T2 are isomorphisms. Then the desired assertion, and hence the claim, 



follows form the fact that the map E\/Fx — > E 2 / F 2 induced by E\ 
as shown by the diagram of exact sequences: 



Ei is an isomorphism 



Dr, 



D, 



Dm^ClpD. 



D m ^f]p 2 D r , 



■Hom(S£_i,.Dm[p]) 



H 1 (G™-i, D m ) 



Hom(0™_ ! , £> m [p 2 ] ) H 1 (g£_ ! , D m ) , 



where the second equality is due to the fact that Gm-i i s OI order p. Thus, pD m = D m -i holds 
for m > mo. Therefore, if we fix an n so that D mo C D[p n+m °], then for all m 3> 

(25) D[p m - roo+2 ] c D m C D[p" +m ]. 
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Also, for every a G D m , r 6 Gm-i> we have T a — a G D[p}. Therefore, the diagram 



e : iotairan-1 



p:torcomp2 



(26) 



n t + n — 1 1 



D 



m— 1 



is commutative, as we can write for a G D n 



N 



Let t m denote the composition D m — > D[p m+n ] — > Z?[p m+ ™ _1 ] appearing in the diagram (|2"6")l . 
Then we can define the desired pseudo-isomorphism i : M — > T as the projective limit of i m . The 
finitencss of ker [t] and coker [t] follows from the fact that they are the projective limits of finite 
abelian groups of bounded order, since ker [t m ] C D[p] and by ([2"5j) coker [t m ] can be viewed as a 
quotient group of D\p n+m - 1 }/ D[p rn - m « +1 ] ~ £>[p"+ m <>-2] , □ 

The above results can be applied to the cases where C is the Galois group of a field extension 
C/JC and D = B(C) P where B is an abelian variety defined over JC. Indeed, if JC is either a global 
field or a finite field, then the condition of proposition ^. 3. 5l is satisfied. For the rest of this section 
let JC be a finite field of order q. Denote C = C{B[p°°]{}C)) and let c be a topological generator 
C := Gal(£//C), sent to c under the natural map C — > C. Since T is contained in the Tate module 
T of B[p°°}(fC), the eigenvalues of the action of c on T can be expressed as ei, e 



('I- 



Proposition 2.3.6. Suppose K, is a finite field of order q and assume the above notation. Then 

t 

XA(C)(M) - XA (C )(T) = (JJ(1 - efc)). 

j'=i 



XA( C )(N) = (I](1 -tj 1 ^ 1 ))- 

3=1 

Proof. Since C/JC is the maximal pro-p abelian extension of /C, Gal(£//C) = C x 7i, where % = 
Gal(£/£) is a finite cyclic group of order prime to p. We remark that the action of c on T is semi- 
simple. To see this, we may assume that B is a simple abelian variety and c = Frob q , the Frobenius 
substitution that sends x G C to x q . Then c and the Frobenius endomorphism F q G End^(i?) give 
rise to the same action on V := Q p ®% v T. Since Z[F q ] is an order in a number field, the minimal 
polynomial F(s) of F q over Q is irreducible. In particular, it has no double root. Then, since 
F(c) = on V, the action of c gives rise to a diagonalizable matrix. 



Choose a positive integer v so that \K\ divides p u — 1. Then a := lim„ 



is a generator of H. 



Since V := Q p ®z p T is the 1-eigenspace of a, we see that {ei, e m } is exactly the subset consisting 
of those elements e G {ei, et} satisfying lim rwoo e p = 1 in the p-adic topology, or equivalently, 
ord(e— 1) > 0, where ord denote the valuation on Q p with ord(p) = 1. This shows that the product 

uUm+ii 1 - € j) is a p- ad[c unit - Hence > n^m+iC 1 - e j lc ) = n*= m +i( i - s t1 + s 7 ^ 1 - c )) is a 

A(C)-unit, and so is nj=n 



^(l-eT 1 ^). 



□ 
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r :tor 



p : tori 





c:torl 






sub:tate 



1 :tatenorm 



Remark 2.3.7. If K, is a finite field, then B(C) P is actually p-divisible. Let H be as in the above 
proof. Since \H\ is prime to p, we have H 1 ('H, B[p](C)) — in the Kummer exact sequence 

S[p](£)C- 



B{C) P 



B(C) P 



c :nf 



2.3.3. We end this section by showing that generically A[p°°](L) is finite. For related results see 
[Z5ES71 IBLV09L IV5I55| . 

Proposition 2.3.8. In general, A[p°°](L) is finite, except possibly for the following cases: 

(a) K is a number field and A contains a nontrivial abelian variety of CM-type. 

(b) K is a function field, there exists no split multiplicative place of A, and L/K contains the 
constant Z p - extension Lq/ K. 

Proof, (a) is from |Zar87j . In the case (b), assume that A[p°°](L) is infinite. Then obviously 
L\ := K (A[p°°](L)) c L is an infinite pro-p abelian extension of K . We claim that it is everywhere 
unramified, splitting completely at every split multiplicative place. Then it follows that Lq C L\, 
as the maximal everywhere unramified pvo-p abelian extension of K is a finite extension of Lq. 
Furthermore, it also follows that there is no split multiplicative place of A, as Lq/K does not split 
completely at any place. 

Let v be a split-multiplicative place. By (J} if P E A[p n ]{K s ), there must be some Q E fl v 
so that K V (P) = K V {Q P ). This implies K V (P) = K v , since it is both separable and purely 
inseparable over K v . Thus, L\/K splits completely at every split- multiplicative place. 

Suppose v is a good ordinary place and A is the reduction of A. Then the reduction map induces 
the isomorphism of Gal(K v / K v )-modu\e (see e.g. |TanlQ[ Corollary 2.1.3]): 

A\p°°](K s ) ~ A\p°°](F v ). 

This shows A[p°°](L) is fixed by the inertia subgroup of T v , whence L\/K is unramified at v. 
Since L/K is only ramified at splits multiplicative places or good ordinary places, the intermediate 
extension L\/K must be everywhere unramified. 

□ 

By the definition we see that ~wk'/k — (1) if A[p°°](K') is finite. 

Corollary 2.3.9. We have ~wk'/k = (1) unless K is a number field and A contains a nontrivial 
abelian variety of CM-type, or K is a function field, there exists no split multiplicative place of A, 
and K'/K is the constant 1 p - extension. 

2.4. Tate's local duality theorem. By the Tate's local duality theorem (see |Tat62j . |Mil72j . 
or |Mil861 III. 7. 8]), H 1 (i4T t ,, A) p , endowed with the discrete topology, is the Pontryagin dual of 
the p-completion A*(if t ,) A := lim ^ A t (K v )/p n A t (K v ) endowed with the p-adic topology. If v is 

archimedean, then H 1 (K v , A) p is trivial unless K v = K and p = 2. If v is a non-archimedean place 
v, then, since H 1 (i ; C„, A) is dual to A l (K v ) and is the direct product of its p-primary part and the 
non-p part, A t (K v ) A can be identified as the largest pro-p closed subgroup of Let 

< , > Kv : B 1 (K v ,A) p x A*(K t ,) A — > Q p /Z p 

denote the "p-part" of the local Tate's duality pairing. The proof of the following lemma can be 
found in [TanlOl Corollary 2.3.3]. 

Lemma 2.4.1. Let v be a place of K. Then under the local Tate's duality the cohomology group 
H (T v , A(L V )) C H [K V ,A) V equals the annihilator o/Nj, o /k v (A* (L v )), and hence is the Pontrya- 
gin dual of A 1 (K v ) / N l v / K v (A f (L v )) . 

Corollary 2.4.2. If char. (K) = 0, H 1 (r t) , A(L V )) is cofinitely generated over Z p . 
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Proof. A t (K v ) A is finitely generated over 

2.5. The Cassels-Tate exact sequence. The group T(F) := Gal(F/K) acts naturally on 

U\A/F) := ($tf( Fw ,A) p , 



all w 



for each z, and it also acts naturally on H l (F 7 A) p so that the localization map 

loc l F :H l (F,A) p -^H l (A/F) 
actually respects these actions. The direct product 

H°(A*/F) := TJ A\F W ) A 



all w 



is also endowed with a T(F)-action so that all local parings together define the T(.F)-equivariant 
global perfect pairing 



< , >F- 



y}(A/F) x H^/F) 



e : loc 



t:gct 



p: coh2st 



(j1v)v X (€v)v h 



Eall v < Vv>€v >F V 



that identifies H X (A/F) with the Pontryagin dual U^^/Fy. As usual, write Hi 1 (A/F) 
ker [Zocp.1 . Then we have the exact sequence 







III 1 (A/F) ^ H 1 (F, A) p — ^ n 1 (A/F) 



n°{A/Ff 



Recall that for m = 1, oo, the p m -Selmer group Scl p ™ {A/F) is the kernel of the composition 

(27) C F : H 1 ^, A[p m \) — ► H^F, A) p ^ H^A/F). 

There exists an injection that identifies 

T p Sel(A*/F) := Hm Sel p m (A l /F) 



as a subgroup ofH°(A t /F) (see Corollary 1.6.23(b) IMilMl Proposition 5,6 ], }Mil72| . or |GAT07Q 
and the (generalized) Cassels-Tate exact sequence ( [Cas641 [GAT071 ITat62] ]) asserts the following. 

Theorem 2.5.1. The image of loc l F equals the annihilator ofT p Sel(A t /F), whence 

coker[/o4] ~ T p Scl( J 4*/F) v . 
Proposition 2.5.2. The localization map locp is infective and 

'® V reaiK 2 ( F v> A )> if char .(F) = 0; 



H (A/F) 



0. 



if char. (F) = p. 



Proof. If p is prime to the characteristic of K, the first statement is proved in |Mil86| 1.6.26(C)]); 
otherwise, a proof is given in |GAT12j . The second statement follows from |Mil861 1.3.2 and 
III.7.81. □ 
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3. The local cohomology groups 

Let v be a place of K. For an intermediate extension N of L/K, denote N' = N n L', ^f(N) = 
Gal(N/N'), and T(N) = Gal(N/K). Let F denote a finite intermediate extension of L/K. Let 
w (resp. u) be a place of F 1 (resp. F) sitting over v (resp. w). We view each g £ L(F) as 

an isometry F — F with the metric of the left-hand side induced by u, while that of the 

right-hand side induced by g(u) with |a;| g («) = \g~ 1 (x)\ u , Vx £ F, and then extend it to the 

isomorphism between their completions: F u — F g t u -\ . Similarly, the restriction of g gives rise 



the isomorphism F^ 



F' g (yj\ j with g(u) | g(w), and also, for i > 1, g induces the isomorphism 



isomorphisms (28) 



d: vartheta 



su:gf 



R*(*(F) U ,A(F U )) 



K l (V(F) giu) ,A(F giu) )) 



By these isomorphisms, we identify F u and IT(&(F) U , A(F U )) with F g ^ and R l {9(F) g ^ u - ) , A(F g ^)) 
respectively, for all g £ *&(F), and simply write F w and H l (\I r (i< , ) w , A(F W )) for them. Then put 

K(Af/f')=0H'($(f)w,i(fw)), 

endowed with the discrete topology. For g runs through T(F) the isomorphisms (|28p induce 
an action of T(F) on W V (A, F/F 1 ), which factors through an action of T(F'), and thus yield a 
A(r(F'))-module structure of ft* (A, F/F'). In general, set 



Ht(A,N/N') 



lim ft* (A, F/F'), 

F(ZN 



and denote 

V^:=ftt(A,L/L') v . 
Also, for each place w of L' sitting over v, denote H % w = H l (^ w ,A(L w )) and 



nil 
ft. 



Definition 3.0.3. Define t? 



(0 



XA(r^)(W;) and4 i} := Xk(t'){W v ), tfW l w andW l v are finitely 



generated over the corresponding Iwasawa algebras. 

In this section, we give explicit expressions of §w and i?£ , for i = 1,2. 

3.1. General facts. In general, for an intermediate extension TV of L/K and a place w | v of 
iV', write Ajv = Z p [[r(AT')]] and Aw. = Z p [[r(AT') w ]]. Let F be a finite intermediate extension of 
L/K. By choosing a place wo | u of F', one can actually make the identification 

Ui{A,F/F') =Hom AF , (A**, H l (*(F) Wo , A(F Wn ))), 



e : hinv 



via the assignment £ h-> / 5 su ch that for £ = (£ w ) w |„ £ W V (A,F/F'), f^{g) = s £ ff -i( Wo ), for 
.9 G r(F'). Then it follows (see |Bou70[ II. 4.1, Proposition 1(b)]) that the Pontryagin dual 



(29) 



Ht{A, F/F' 



A, 



R l (^(F) W0 ,A(F W0 )y 



Now choose a place w of L' sitting over v and, for every F, choose Wo to be the place of F' sitting 
below w. Since ft* = lim^, ft* (A, F/F'), the duality and imply 



(30) 



W;=HmA F ,8 Ay , H l (*(F) Wo ,A(F Wo )) N 
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Lemma 3.1.1. J/W^ is finitely generated over A(T' W ), then 

w; = A(r') ®A (r ;jw;, 

and hence 

tf«=A(r')-tf« 

Proof. For an intermediate extension iV, let w be the place of N' below w. Then 
(31) lim H 4 (*(F) Wo , A(F Wo )) = H*(*(JV) W ,A(JV^)). 

FcN 

Let A/" denote the family of intermediate extensions of L/K satisfying the conditions: (a) The 
decomposition subgroup T(N') V is open in T(N'), and (b) the natural map V — > T(N') (resp. 
r — > T(N)) induces an isomorphism between the decomposition subgroups. Suppose N £ A/". By 
(a), the index djy := [r(A"') : r(AT') w ] is finite, and hence Ajyi is a free Ajv -module of rank = djy. 
Also, the equality (|3"Tj) still holds, if the limit is taken only over F satisfying the condition that 
G&\(N'/F') W = Gal(N'/F'). For such F the index [T(F') : r(F') Wo ] = d N , and hence the rank of 
the free Aj^-module Ap> equals djsr, too. Therefore, the limit 

jjnig (32) HmA F , ® Af , H 4 (*(F) W0 , A(F Wo )) v = A N , ® Ajv , H* (*(JV) W , A(iV w )) v . 

By (b), We can identify r(Af') w , \I>(jV) w , and Af w with T' w , ^ w and L w , respectively. Consequently, 
we can write H*(*(iV) W) A(N W )) = A(L W )) as a module over Aiv; = A(r^). Thus, by (H3J| 

and (J32J, 

W; = hm Ajv- ® A (r^) W*,. 

Then the lemma follows, if the finitely generated module is free over A(T' W ). In general, for a 
finitely generated A(r^)-module W, there is an exact sequence 

o — > y — > A(r^) r — ► w — > o, 

and hence the exact sequence (as Ajy/ is always free over A(T^)) 

— ► A N , (g)A(r^) y — ► AV — > A N , ®a(t> w ) W — ► 0. 

Since the system {Ajv S5a(T' ) ylvew" satisfies the Mittag-Leffler condition, the canonical map 
A(r') r = ^HJjyg^A^r, — > ]^m N ^ Ajy/ ®A(r; ) VV is surjective. It follows from the commutative 
diagram of exact sequences 

A ( r ') ®A(r*„) y A(r') r ^ A(r') ® A( r L ) w 







* ^LVgaa Ajv ' ® A ( r ») ^ * l ^ NeJ v A N' ^ ^nejv An ' 0A < r 'J W 

that the canonical map i is surjective. Now, since y is finitely generated over A(r^) as well, the 
map j is also surjective. Then the diagram shows i is an isomorphism. □ 

The following setting is useful for computing W w . Let L" /K be an intermediate Z p -extension 
of L/K so that L = L' L" and K = V DL". For each finite intermediate extension F/K, let F^ 
denote the nth layer of the Z p -extension F" := L"F over F. For simplicity, write F w , F^ w and 
for the topological closure in L w of F, F" and F". 
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l:gf2 



sub : loccoh 



arunramif ied 



p : urn 



sub : go 



p:go 



Lemma 3.1.2. Let the notation be as above. Then 

R i (V w ,A(L w ))= lim K l (Gal(F" w /F w ),A(F" w )). 

FcL> 

In particular, if H 1 (Gal(F" w / F w ) , A(F" w )) is finite, for all intermediate extension F/K ofL'/K, 
then W 2 = 0. 

Proof. The first assertion is obvious. If H 1 (Gsl\(F" w / F w ) , A(F" w )) is finite, then the standard 
Herbrand quotient computation shows 

H 2 (Gal(F" w /F w ), A{F'J Lw ))\ = \U 1 (Gal(Fj' w /F w ),A(F^ w ))\, 



and hence is bounded as n — > oo. Then the diagram (|23p implies 

H 2 (Gal(F". u) / F w ), A(F" W )) = lim H 2 (Gal(F^ w /F w ), A(F" w ) ) = 0. 

n 

Therefore, W 2 = 0, whence W 2 = 0, by Lemma I3TTTT1 

3.2. The unramified case. Let ILj and ir v be as in Definition 11.3.21 

Lemma 3.2.1. Let K™ p / K v be the unique unramified 1 p -extension. Then 

\K\G & \{K* P /K V ),A{K^))\ = |ZpA«l- 
In particular, if A has good reduction at v, then H 1 (Gal(K" p /K v ),A(K^ p )) = 
Proof. By Proposition 1.3.8, |Mil86j . the reduction map induces 

H 1 (Gal(/C™/^ u )^(^r)) = ^(Gal^/F^LT,)), 

whence 

E 1 (G&l(K£ p /K v ),A(K% p )) = R\Gnl{KZ P /K v ),Tlv aliKr/K " P 
Then we apply Corollary 12.3.31 

Proposition 3.2.2. Suppose v S. Then the following holds: 
(a) If A has good reduction at v, then = 0. 



□ 



0. 



□ 



(b) W = | 

(c) W 2 - 



(tt v ), ^ 0: 
(1), otherwise. 



Proof. The previous lemma implies (a) , it also implies (c) , in view of Lemma 13.1.21 Now is 
trivial, if ^ w = 0. On the other hand, if ty w ^ 0, then T' w = and ^ w ~ Z p , as L w /K v is 
unramified. Then, (b) follows from Lemma 13.1.11 and Lemma 13.2.11 □ 

3.3. The good ordinary case. In this section, we assume that A has good ordinary reduction 
at v. Let fi,',v G A(r') be as in Definition 11.3.31 Our aim is the following: 

Proposition 3.3.1. Suppose A has good ordinary reduction at v G S. Then the following holds: 

(a) If L' / K is ramified at v, then VV* is pseudo-null over A(r). 

(b) If L' I K is unramified at v, then = (/£/ „). 

(c) W 2 = 0. 
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e : awb 



sub : sm 



p : spm 



Proof. Let the notation be as in Lemma 13.1.21 and let 4^ denote the inertia subgroup of $ w . If 
L/L' is unramified at v, then by following the proof of Proposition 13. 2.2] one can show that the 
proposition holds trivially with = 0. 

Thus, we assume that L/L' is ramified at v. Let F(n) denote the nth layer of L'/K and let 
L", F(n)" be as in ij3.ll Then the generalized Mazur's Theorem [TanlOl Theorem 2] (see also 
|CoG96j for the number field case) asserts that, for m > n, we have the commutative diagram of 
exact sequences: 

(33) Hom^F^j Jp.Qp/Zp)' H 1 ^, A(F"(n) w )) * Hom(#J,, A(W F(n) J) 



c 



E 1 (H> w ,A(F"{m) w )) 



Hom(^,^(F FM J) 



Hom^F^J^Qp/Zp) 
where the first down-arrow is induced by the norm map 

Ni?(m)„/F(n)„ : A. (^F( m ) w ) > A (F F („) m ). 

In particular, H 1 (\l/ l „, A{F" {n) w )) is finite, for every n, and hence the assertion (c) follows from 
Lemma 13.1.21 By taking the direct limit via the diagram (|33|) . we deduce the exact sequence 

(34) o — ► a — ► wi — > <B — ► 0, 

where 21 is the Pontryagin dual of A(¥l' )p and 23 is the projective limit 

limA*(F FMro ) p 

m 

taking over the norm maps Npr m ) w /FM W - It follows that is finitely generated over Z p , and 
hence is pseudo-null over A(r'), unless T' v ~ Z p , or . We first consider the T' v = case, in which 
L w = K v and actually 

\WU = \A t (¥ v ) p \.\A(¥ v ) p \ = \A(¥ v ) p \ 2 . 

It follows from Lemma f3. 1 . ll that the Z p -ideal ■dv = ( |^4(IF^ ) | 2 ) - On the other hand, since [v] L , / K = 
id and all on and l — q v /a>i, i = l,...,g, are units in the maximal order O of the field Q p (ai, ....,a g ), 
we have 

g g g 

{h',v) = ~ a./) 2 ■ Zp = Y[(l - a t f • JJ(1 - q v /a t ) 2 ■ Z p , 

i—1 i—1 i—1 

which, according to Mazur |Maz72[ Corollary 4.3.7] (see also Lemma 12.3.41 and Remark I2.3.7[) , 
equals to the ideal (| ^(F^,) | 2 ) . Hence (b) is proved for the T' v = case. 

Suppose T' v ~ Zp. If L'/K is ramified at v, then L' w has finite residue field, and hence is 
finite (by ([34]) ). It follows that is pseudo-null over A(F' W ), and the assertion (a) is proved, by 
Lemma 13.1.11 Finally, in this case (b) follows from Proposition 12.3.61 □ 

3.4. The split multiplicative case. In this section, we assume that A has split multiplicative 
reduction at v. Let K> v be the Z p -ideal in Definition 11.3.41 

Proposition 3.4.1. Suppose v £ S and A has split multiplicative at v. Then the following holds: 



(a) IfT' v = and ft v = 0, then fi i2 > = 0; otherwise, W 2 = and &tf> = (1). 

(b) J/r; = 0, then = A(r') • w„. 

(c) IfT' v ~ Zp with a a topological generator and ~ Z p , then = (a — l) 9 . 

(d) IfT' v ~ Zp and $„=0or^~ Z p , e > I, then ^ = (1). 



(2) 
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e : omegal (36) 



Proof. Since fl ~ IP as T-modulcs, 

H 3 (*„,/*£\«) ~ SI) ~ Hbm(*„,/*P n ,Z») = 0, 

and hence H 3 (*.„,, fl) = 0. Also, Hilbert's theorem 90 implies H 1 ^™, £*) = 0. Therefore, from 
the exact sequence of Galois-modules 

— > n — > (L*) s — ► A(L lu ) — > 0, 

we deduce the long exact sequence: 

(35) H 1 ^,^^))^ ^H 2 (#™,fi) ^H 2 (*„,i 



MS 



H 2 (^. UI , A(i w )) 



Consider the case where r(, ^ 0, and hence ~ Zp, for some e > 1. Let L" be as in . 1 1 let L' wn 
denote the nth layer of L' w /K v and write L" un = L"L' wn . Then it follows from the commutative 
diagram 



K 2 (L> Wn ,K v ) p 



where the isomorphisms are local invariant maps of Brauer groups and the right vertical arrow 
is the multiplication by p e (™-«), that H 2 (# ro ,L*) = lirn^ H 2 (KJL' wn , L'£) = 0. Thus, (35]) 
implies W 2 , = as well as the isomorphisms of A(r' UI )-modulcs: 

R\* W ,A(L W )) ~U\* m ,n) ~Eam(* w ,Q/zy. 

Consequently, ~ Zg, if ~ Z p ; = 0, if = 0. Thus, (c), (d) and a part of (a) are 
proved (by Lemma f3 . 1 . 1 1) . 

Now consider the T' v = case, in which L' w = K v and ^> w = T v ~ Z p , since v € S. Let L wn 
denote the nth layer oiL w /K v with Gal(L w „/i^„) = and identify K£ / ~N Lw / Kv (L*) ~ I\, 

(via the reciprocity law). Then, as n — > oo, the commutative diagram 



H 2 (* W /*ST,(L^))5 



tends to (by ([23])) 



H 2 (^,ft) 



(r./rf 



h 2 (^,l*)^ 



yZp^rg, 

where is induced by the map in ([2]). This implies that both H 2 (\E , t0 ,f2) and H 2 w , L*) 9 are 
of corank q over Zp. Then by (35]), H 1 ^, i4(i„)) and H 2 (* tu , A(i w )) are of the same Z„-corank 
that equals the Z p -rank of both ker[7^] and coker[7\L„]. 

Suppose to v = 0. Then both and W 2 are infinite. By Lemma l3.1.1| 
proves the first part of (a) and a part of (b). 



(i) 



,(2) 



0. This 
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Suppose ro t , 7^ 0. Then coker[7?.„] is finite and hence H. ($ W ,Q) — > H 2 (^' t0 ,i^) 9 is surjective 
(as both groups are p-divisible) with finite kernel. In particular, W^, = and $i = (1). Thus, 
the proof of (a) is completed. To finish the proof of (b), we apply the snake lemma to the diagram 



y z p ® rg 



to show that coker ~ ker [H 2 (* w , 0) — > H 2 (* tlI , = H 1 ^, A(L W )). 



□ 



l:zpsplit Lemma 3.4.2. Suppose L/K is a TA- extension and v G S is a split-multiplicative place. Then 
H^r,,, A(L V )) is cofinitely generated over Z p and 

corank Zp R 1 (T V , A(L V )) = rank Zp coker[72.„] > g(rank Zp T v - 1). 

Proof. The inequality follows from the fact that Z p (g> z f2„ is of rank g. Also, since A and A* are 
isogenous, it is enough to show corankz H 1 (r„, A l {L v )) = rankg coker[7^]. By Lemma [2.4.11 
corank Zp H 1 (T V ,A*(L V )) = rank Zp A(K v )/N Lv/Kv (A(L v )). By Class Field Theory 

A(K v )/N Lv/Kv (A(L v )) = (N Lv/Kv (L v )) 9 * coker[K v ] . 

Here denotes the topological closure of O. □ 

3.5. The proofs of Proposition ITT2.ll For an intermediate extension N of L/K, let 

C N : H^iV, A\p°°]) — > U\A/N) 

denote the direct limit of the localization maps Cf (see (|27p) for F running through finite inter- 
mediate extension of N/K, with U X (A/N) = lirn ^(A/F). 

' . 

Note that a version of Nakayama's lemma (see |Was82[ p. 279]) implies the following: 

Lemma 3.5.1. Xl is finitely generated over A(r) if and only if Se\ p <x, (A/ L) r is cofinitely gener- 
ated over Zp. 

Proof, (of Proposition ll.2.l| ) Let V stand for the statement that Xl is finitely generated over A(r). 
Consider the commutative diagram: 

H 1 (A", A[p°°]) H 1 (L, A[p°°]) r 



B := © a ni> Hl ( r «)^( i n)) (: 



U l {A/K) 



■ % 1 {A/L). 



By (|5J) and (|9]) both ker[res£/ifl and coker [res^/jr] are finite. Since Sel p °o(A) is cofinitely gener- 
ated over Z p , in view of Lemma |3.5.1[ we see that V is equivalent to the condition that the inter- 
section Im(£x) nB is cofinitely generated over Z p . Now, Theorem 12.5.11 implies that coker [Ck] is 
cofinitely generated over Z p . Therefore, V holds if and only if B is also cofinitely generated over 
Zp. But, we already know from Lemma [3.2.11 that @ v a S H 1 (r iJ , A(L V )) is finite. □ 
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t : ss 



e:Phi 



1 : deep 



3.6. Deeply ramified extensions. In this section, we assume that K is of characteristic p and 
A has good reduction at a given place v. Let A denote the associated formal group obtained via 
the formal completion of A along the zero section of the Neron model. Since the Neron model is 
stable over K v , it makes sense to consider the cohomology group H (K v , A(Oj^ )). For simplicity, 
we write H 1 (if„, A) for it. 

Theorem 3.6.1. Suppose char.(K) = p and the reduction A of A at a place v ramified over L/K 
satisfies A[p°°](¥ v ) = 0. Then both the natural maps 

^(^,1(0^)) — > H 1 ^,,!) — ► R 1 (K V ,A) P 

are isomorphisms. In particular, the cohomology group H (T V ,A(L V )) is of (countably) infinite 
corank over Z p . 

The proof, given below, is basically contained in Coates and Greenberg |CoG96j , which is written 
under the assumption that K v is a finite extension of Q p . In order to apply their result to our 
situation, we follow the paper step by step to conclude that all material contained in its §2 and 
§3, which is sufficient for proving the above theorem, actually remain valid in the characteristic p 
case, with only two exceptions: 

(A) Theorem 2.13, |CoG96j . implies that every ramified Zp-extension over K v is deeply ramified 
(see p. 143, [op.cit.]). Its proof is based on Sen |Sen72) using the existence of non-small abelian 
subquotients of the Galois group (see Proposition 3.3, [op.cit.]), which does not hold in our case. 
This gap is fixed by Lemma [3.6.21 below. 

(B) Proposition 2.5, |CoG96j . is proved by using cyclotomic extensions to construct a Z p -extension 
&/K v so that if <E> t is the i'th layer then 

Tr^j/^Jm^J C m^*\ 

where n(t) is an integer valued function of t so that n(t) — > oo as t — > oo. In order to have a proof 
of the above proposition in the characteristic p case, we only need to find a suitable Z p -extension 
§/K v satisfying the above condition. In view of Lemma 2.3, [op.cit], we see that it is enough to 
have $>/K v so that 

(37) 0Td$ t (6($ t /Kv))/e($t/Kv) -> °°> as t ^ oo. 

Here, for a finite extension ? '/K v , 5(T/K V ) and e(T/K v ) denote, respectively, the different and 
the ramification index. Again, our Lemma [3.6.21 below asserts that in the characteristic p case, the 
condition (|37|) is satisfied, as long as $>/K v is ramified. 

For a pro-finite abelian extension L v / K v with Galois group T Vl let T^"\ for each w € [— 1, oo), 
denote the u/th ramification subgroup in the upper numbering. The reciprocity law maps U w onto 
where {U w } is the usual filtration of the units of K v (see |Ser79[ XV. 2]). 

Lemma 3.6.2. Suppose char.(K) — p and L v /K v is a pro-finite abelian extension with Galois 
group T v . Then the following holds: 

(a) We have (T^) p C T^ w) for every w. In particular, ifT v is finite, then it is small in the 
sense of |Sen72j . 

(b) If L v /K v is a ramified r L v -extension and L Vn is the n'th layer, then 

ordL„,„ (S(L vn / K v )) /e(L vn / K v ) — > oo, as n — > oo. 

(c) If L v /K v is a ramified Zp-extension, then it is deeply ramified in the sense of jCoG96j . 
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Proof. For each x £ rriK v , we have (1 + x) p = 1 + x p , and hence (U w ) p C U pw . This proves (a) by 
applying the reciprocity law. Suppose L v /K v is a Z p -extension and let 7r be a prime element of 
K v . If x is a continuous character of T v with conductor /(x), then (as the order of x is a power 
of p) from the relation x p (g) = x(<? p )i we see that the conductor f(x p ) satisfies 

e: P condp| (38) p ■ f( X p ) < /(*). 

Let tt a "Ok v denote the discriminant of the cyclic extension L vn /K v . Since the dual group 
of Gal(L vn / K v ) is cyclic, the conductor-discriminant formula together with (|38]l imply that as 
n — > oo, 

A„ > Cip 2n + 0(p 2 " -1 ), for some positive constant C\. 

Consequently, as n — > oo, 

ordx,„ n (S(L vn J K v ))/e(L vn / K v ) > + 0(p n ~ 1 ), for some positive constant Ci- 

Then (b) is proved. Also, if ord is the normalized valuation on K v with ord(7r) = 1, then we have 

ord(S(L vn /K v )) > C%p n + 0(p n ^ 1 ) 7 for some positive constant C3, 

and hence ovd(S(L vn / K v )) — > 00 as n — > 00. This shows that L v /K v is deeply ramified in the 
sense of [CoG96| and proves (c) in the d = 1 case. In general, we only need to note that there is 
a ramified intermediate Z p -extension L®/K v of L v /K v , and since lP v jK v is deeply ramified, the 
multiplicity of the different implies that L v /K v is also deeply ramified (see p. 143, [op.cit.]). □ 

Thus, results in [CoG96j . §2 and §3 can be applied to our situation. 

t:cogp Theorem 3.6.3. Suppose K is a global field of characteristic p and v is a place of K. If 5 is a 
commutative formal group law over Ok v o,nd L/K is a Z^- extension ramified at v, then 

Proof. Theorem 3.1, jCoG96j . together with the inflation-restriction exact sequence. □ 

Proof, (of Theorem [3jTp Theorem [3U says R 1 (T v , A(0 Lv )) — > R\K V ,A) is an isomorphism. 
Since the torsion group ^(F^) contains no element of order p, the long exact cohomology sequence 

. . . — > H°(F K „, A) — > H 1 ^, A) — > E\K V ,A) — > H 1 (F Kv , A) — > . . . 

says the map H 1 (X t; , A) — > H 1 (K v ,A) p is an isomorphism. Thus, in the commutative diagram 

~H}(T v ,A(Ol v )) -H 1 ^,,^,)) 



H 1 (K v , A) ^ H 1 (K v , A) p 

all arrows are isomorphisms. Then the theorem is clear, since now E 1 (T V ,A(L V )) is dual to the 
p-completion of A t (K v ) which contains (the p-completion of) A t (OK v ), a Z p -module of infinite 
rank, |Vol95j . 

□ 

4. The restriction and the localization 

Consider the restriction map res L / L i : R 1 (L' , A[p°°]) — > R 1 (L , A[p°°])^ and let Ln be the 
localization defined in 33.51 In this section, we give explicit expression of the related objects, 
especially coker [res£/z/] and coker[£L], as well as the corresponding characteristic ideals. 
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restriction 



e : kernelres 



p : injection 



sub : loc 



e : cokerLF 



e:tps 



4.1. The map res L / L >. Obviously, 

(39) kcr[rcs L/i ,] = H 1 (*, A[p°°](L)). 

Proposition 4.1.1. We have coker [res^/L'] =0. 

Proof. Since "J ~ Z p is of coliomology dimension 1, H 2 ^, A[p°°](L)) = 0, whence 
coker [res L/L <] = ker [K 2 (V, A]p°°](L)) — ► H 2 (L', A\p°°])] =0. 



□ 



4.2. The map Cl- Since the map H 1 (F, A[p°°]) — > H 1 (F, A) p induced by the Kummer exact 
sequences is surjective, Theorem 12.5.11 actually says 

(40) coker[£ F ] v ~ T p SA(A*/F) 

identified as a topological subgroup of 7£°(A*/i r ). By taking the projective limit over F, we deduce 



(41) 



coker [£ L ] V ~ HmT p Sel(A*/F). 



p:loc Proposition 4.2.1. Suppose L/K is a Z p - extension andX^ is torsion over A(f). Then for d > 2 



coker [Cl] = 0, and afeo 



coker[£ i ] x 



A*[p°°](iT), 



where the projective limit is taken over norm maps between finite intermediate extensions of L/K. 



lim^A'^KF), 



Proof. For simplicity, write X l L = Sel p °° (A t /L) v . Then, as A and A* are isogenous, X L is 
also torsion. Note that in general, A t [p°°](F) is contained in T p Sel(A*/F) as its torsion part 
and rankz p T p Se^A* / F) = corankz p Sel p oo (A t /F). Thus, if d = 0, then, since is torsion, 
Selpoo (A'/if ) is finite, whence the proposition is a direct consequence of Theorem 12.5. II 

Let K n denote the nth layer of L/K. Suppose d = 1. Then the Z p -rank of T p Sel{A t /K n ) is sta- 
ble as n -> co. Thus, for m > n > 0, the map T p Sel(A*/-Kn) — > T P Sel(A'/-Km) (induced by the 
restriction map) gives rise to an isomorphism between their Z p -free parts. Since the projective limit 
in (|4Tj) is taken over the maps T p Se^A* / K m ) — > T p Se\(A t /K n ) induced by the corestriction maps 
on Selmer groups, the restriction-corestriction formula implies ljm ^ T p Sel(A* / K n ) / A t \p°°](K n ) 
vanishes. Therefore, lim^Tp Se\(A t /K n ) = lim^ A t \p°°](K n ) as desired. 

Then we prove by induction on d. It is sufficient to show that for each n, there exists some 
intermediate Z p _1 -extension L% of L/K n such that Cl x is surjective. For this purpose, we first 
observe that as A(r) is a finite A(Gal(L/i<' n ))-module, X* L is also torsion over A(Gal(L / K n ) . Thus, 
without loss of the generality, we may assume that K n = K . 

Since T is commutative, a basis of the vector space V = Q p <E>z p (^ t [p°°](L)div) v can be found 
so that the action of every 7 G T on V is represented by an upper triangular matrix in which the 
diagonal entries are characters contained in Hom COJlt (r, Q p ). Since A t [p°°](F) is finite for every 
finite extension F/K, every such character is of infinite order, and hence its kernel is isomorphic 
to Z p for some j < d — 1. Thus, the union of the kernels of these characters is a proper subset T 
of r. Choose L\ so that the intersection Gal(L/Li) n T contains only the identity element of T. 
Then, for every non-trivial 7 € Gal(L/Li), 1 — 7 induces an invertible linear operator on V. It 
follows that A t [p°°](Li) is finite, and hence 

Hm = 0. 

FC-Li 
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sub:mpsi 



l:mlm2 



Thus, if X* Li is torsion over A(Gal(Li/F )), then coker[£Lj = 0, by the induction hypothesis. 
Let £ € A(r) be a non-zero element such that £ • Se\ p ^(A t /L) = 0. Since £ can only be divisible 
by finitely many non-associated elements of the form 7 — 1, 7 G T, we can choose L± so that 
£ := Ph/Lt (£) 7^ 0. Consequently, £ • Sel p °o {A t /L\) is in the kernel of res^/i^ , and is actually finite 
by (|39|) and Lemma [2.3.11 This implies is torsion. □ 

4.3. The operator Fix an intermediate Z p -extension L" /K so that L = L' L" , F = L'f)L". 

The restriction of Galois action induces the isomorphism ^ — ► Gal(L" /K). Let L" denote the 
nth layer of L"/K, and, for each finite intermediate extension F/K of L/K, denote F% = FL 1 ^. 
For positive integers m, n, let 



ker„, m (F) :=kcr[ H 2 (FA[p m ]) 
Lemma 4.3.1. The natural map 

hm m H 2 (f,A[p m ]) — 

is injective, and consequently, 



H 2 (F^A{p™}) 



R 2 (F,A) P 



0. 



H 2 (F,A) p 



lim ker n , m (F) 

m 

Proof. Consider the commutative diagram of exact sequences 
H 1 (F, H^F, A)< H 2 (F, A[p" 12 ]) 



H 1 (F, A) /p mi H 1 (F, A)C ^ H 2 (F, ] ) H 2 (F, A) p , 

where the left vertical arrow is induced by the multiplication by p mi ~ m2 . If an element x e 
ker[i m2 ] is represented by some y £ H 1 (F, A) p of order p r and mi > TO2 + r, then a; vanishes 
under R 2 (F,A[p m2 }) — > U 2 {F,A[p mi }). This proves the first assertion. Then we observe that 

and by Proposition 12.5.21 we 



lirn m ker„, m (F) = ker 



have the commutative diagram 

hm m H 2 (F,Ab m ])C 



hm m H 2 (F, A[p m ]) — ► lim m H 2 (F:, 

-^H 2 (F,A)/ ^H 2 (A/F) 



p:psi-l 



H 2 (F^,A) p C 



h 2 (a/F';'). 



l^H^F^^b 

The right vertical arrow is also an injection, as every real place of K splits completely over L. □ 



Proposition 4.3.2. We have 

K\L,A\p°°}) = W~1)H 1 (L,A\p°°]). 

Proof. Suppose x G H 1 (L , A[p°°]) is obtained from some Xk £ H 1 (Fj/ , A[p m ]) for some finite 
intermediate field F/K of L' /K and some integers fc and m. Choose n > m + k and let x n 
denote the image of Xk under the restriction map H 1 (F^' , A[p m ]) — > R 1 (F„ , A[p m ]) . Then x n 
is annihilated by p m and fixed by Gal(F^'/F^.'), whence contained in the kernel of the norm map 
NGai(F///F")' This implies x n £ ker [Ngb1(.f4'/f)] • If we choose the restriction of tp to be the 
generator of Gal(F^'/F), then x n determines a class x n £ H^F/Z/F, H 1 (F", A[p m ])). 
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e :psipart 



su: derived 



: diagramlong 



e: derived 



1 : derived 



In view of (|22|) and (|24|) . we see that if n > 2m + k, then rf^, 1 , (x„) = 0, and hence by (f22j) again 
x n is contained in the image of kcr n in (F). Let m — > oo. Then Lemma 14.3.11 says that, under 
H 1 (F^', A[p m }) — > H 1 (F^', A[p°°]), the image of x„ is indeed contained in (V> - 1) H 1 ^', A[p°°}). 

□ 

An application is in order. Let £* : H 1 (L, — > T-L 1 {A/L)^ denote the restriction of Ll 
to H^L, A[p°°])*. Consider the commutative diagram of exact sequences 







Sel p oo(A/i) 
SeV(A/L) 



H^Aki 00 ]) 

■0-1 



■H\A/L) 



coker [£j,] 



H 1 (L, A[p°°]) ^- W}{A/L) coker [£ L ] 



By diagram chasing (snake lemma), we deduce the exact sequence 
(42) ^Sel p ~(A/L)/(V>-l)Sel p oo(yyL) ^ coker [£%] - 



(coker [£ L }f 



4.4. A derived equality. Recall the group H l v (A, L/L 1 ) defined in Write 

H\A, L/L') = Hl(A, L/L') c U\A/L% 

V 

where v runs through all places of K, and set 

W' l (A,L/L')=H l (A,L/L') v =]]_W l v . 



Consider the commutative diagram of exact sequences 
(43) H 1 ^, A[p°°]) c ^B 1 (L',A\p 00 ]) 

-L/L' 



L -^ R \ Li A[p~>})* 



n^A, L/L 



■h^a/l') 



U\A/L) 



■n 2 (A,L/L'). 



In the diagram, the "0" term is due to Proposition 14.1.11 while the surjection follows from the 
exact sequence (|2H)) and Proposition ^. 5. 21 From it, we derive the equality of alternating products: 

] V ) 

1 Vi 



(44) 



XA ( r')(kcr [C L/L ,\ v )■ XA(n (coker [£^] v ) ■ x A( r')(ker [£*] > x A( r')(W 2 (A, L/L')) 
= XA(r') (coker [£ L /L'] V ) • XA(r') (kcr [C L >] v ) • XA(r') (coker [£*] V ) 



Lemma 4.4.1. The A(F') -modules W 1 (A,L/L') and W 2 {A,L/L') are either both torsion or both 
non-torsion. If they are torsion, then 

XA(r')( ker [ r esL/L'] V ) • XA(r') (coker [£ L '] V ) • Xa(T')( x l/{^ - 
= IX ^ ' ■ XA(r')(*f ) • XA(r') (coker [£ L ] V /(</> - 1) coker [£ L ] V ) 

Proof. By Propositions I5XTI |3"XTI W^A^/i') (rcsp. W 2 (A, L/L')) is non-torsion if 

and only if v G S* is a split-multiplicative place of A, T' v = and fDt, = 0. This proves the 
first assertion. Furthermore, if W^(A, L/L') and W t 2 (A, L/L') arc torsion, the it follows that 
XA ( r<)(W 2 (A,L/L') = (l) and x^v^ 1 {A.L / L')) = U v 4 1] '. 

Recall that H^tf, A[p°°]) v is torsion by Corollary [2X2] Thus, if W^A, L/L') = U l {A, L/L') y 
is also torsion then the left vertical arrow in (|43|) yields 



X A(r /)(ker [£l/l'] V ) • XA(r')( wl (A V^O) = XA(r')( coker |A/L'] V ) ■ XA(r')( ker [res L/z/ ] V ). 
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Therefor, in (j44|) . the terms XA(r')(ker [£l/l'] V ) and XA(r')(coker [£l/L'] V ) can be replaced, re- 
spectively, by XA(r')(ker [res£/£/] V ) and XA(r')(^ ,1 (^j^/^'))- Then, since ker [£z/] V = Xl> and 
ker [£*] V = Xl / (tp — l)ATz,, the lemma follow from the equality 

X A( r')(cokcr [£f] V ) = XA(t')( x l) • XA(r')( c okcr [£ L ] V /(ip - l)cokcr [C L ] V ), 
which is a direct consequent of (|42l) . 

□ 



sub 



psap{li 



5. Proofs of main theorems 

5.1. The descent setting. Suppose that W is a finitely generated torsion A(T)-module. By 
multiplying i\) — 1 to (|18p . we obtain via the snake lemma the exact sequence of finitely generated 
A(r')-modules: 



e:pseusnake (45) 0' 



N 



W/(tp - l)W 



i\r/(V> - i)N ■ 







1 : greenbere 



[W]/(tP-1)[W]- 

Lemma 5.1.1. (Greenberg) There exists a closed subgroup Tq ofT mapped isomorphically onto 
V under the projection T — > V so that N is finitely generated and torsion over A(ro). 



Proof. The is basically given in [Grn78j . We just sketch it. Since N is pseudo-null, there exists an 
annihilator <j) e A(r) not divided by p. Let f = T/T p , § = and let f be a subgroup of f 

mapped isomorphically onto T/^> under the projection T — > r/\f r . The proof of |Grn78[ Lemma 
2] actually proves that there is a r C T with f = To/I^ such that N is finitely generated over 
A (To). And the discussion in |Grn78j after the proof of Lemma 2 shows that N is torsion over 
A(T ). □ 

Corollary 5.1.2. Let W be a finitely generated torsion A(T)-module and let [W] and N be as in 
(TT8")). Then 

(a) Both AT* and N/(tp — 1)N are finitely generated torsion A(r') -modules. 

(b) We have X A(r')(N*) = XA(r>)(N/& - 1)N). 

(c) If any one of the modules W* , [Wf , W/{ip-l)W, [W]/{<i/>-l)\W] is torsion over A(F), 
then all of them are torsion. In this case, [W]* = 0. 

(d) We have X A(T')(W/(^ - 1)W) = p L /v{XA{v){W)) ■ XA(r')(^*)- 

Proof. Identify T' with the subgroup To in Lcmma r5.1.1l Then N, and hence AT* and N / (ijj — l)N, 
are finitely generated and torsion over A(To). By Lemma 12.1.11 (b) holds, as A(r') = A(To). 

Let Tor(C) stand for the assertion that C is torsion over A(r'). Then the exact sequence (|4"5"j) 
implies 

%ot([Wf) <=>-£ot(W*). 
%ox{[W]/{ip - l)[W}) Zov(W/(1> - l)W). 
Also, if [W] = ®™i A(r)/^A(r) (see & then 

<Zot({W}/(^-l)[W})<=> fe)^(^-l), for every i, <Zox([Wf), 

and in this case, we actually have [W]* = 0. Thus, (c) holds. The assertion (d) holds trivially, if 
is non-torsion (by (c)); otherwise, it follows from (b), (c) and the exact sequence (j4"5"j) . since 
Pl/l'{xa { t){W)) = XA(v){[W]/{i> - l)[W]). □ 
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su:pft 



5.2. The proof of Theorem [TJ Now we complete the proof of Theorem [TJ 



su:root 



l:noname 



Proof. Note that Proposition 13.2.21 Proposition 13.3.11 and Proposition 13.4. ll together imply that 
EL $1 = $L/L'- Suppose Xl is non-torsion over A(r). We claim that Xl/(i/j— 1)Xl is non-torsion 
over A(r'). Let Xi, x r be a set of generators of Xl over A(r). If the claim did not hold, then 
there would be some / <E A(r) with PL/L'(f) 7^ so that for each i we can write 



/ 



■ X 



J • 



Write A = (atj). Then all Xi are annihilated by g — det(A — /T rXr ). As PL/L'(g) = PL/u{fY 0, 
j ^ and X/, is torsion, a contradiction. Therefore, (Sel p °o (A/L)*) v = Xz,/(tjj — 1)Xl is non- 
torsion over A(r'). Now the diagram (|4"3")) induces the exact sequence 



Selpoc (A/L') 



"L/L 1 



Selpoo (A/Ly 



■^{A, L/L') 



which by duality shows Ql'^l/l' = = Pl/l'{®l) as desired. 

Suppose Xl is torsion over A(r). If Xl 1 is non-torsion over A(r'), then by (f3U)) , Corollary |2.3.2l 
and Corollary 15. 1.2[ both Xl/{iP ~ ^)Xl and [X]l/(i/j — 1)[X]l are also non-torsion. Therefore, 
©£' = Pl/l'(®l) = 0, and hence the theorem holds trivially. If Xl 1 is torsion while W 1 (A, L/L') is 
non-torsion, then by Lemma [4AJJ as well as its proof, W 2 (A, L/L') is non-torsion and there exists 
some split-multiplicative place v S S such that i?„ = 0. Therefore, Ol'$l/l' = 0- By Proposition 
14.2.11 and Proposition 12.3.51 the Pontryagin dual of (coker is torsion over A(L'). Now the 

diagram (|43[) yields an inclusion 

W 2 (A, L/L') C coker [Cf] V 

that implies coker [£*] V is non-torsion. These together with (|42j) imply AT* is non-torsion. Then 
Corollary 15.1.21 implies [Xl]/(iP — 1)[Xl] is non-torsion, whence Pl/l'(®l) = 0. 

Finally, we consider the case where Xl is torsion over A(r) and both Xl> and W X (A, L/L') are 
torsion over A(r'). Then by Lemma \A . 4 . 1 1 and Corollary 15. 1.2f d) 

XA(r')( ker [ res L/L'] V ) • XA(r')( coker [£i'] V ) -Pl/li{®l) 
= &l/l> ■ ©L' • XA(r')( coker [ £ i] V /W> - 1) coker [£ L ] V ). 

To proceed, we write 

m = XA(r')( ker [ rcs L/L'] V ) • XA(r')( coker [ £ L'] V ) 5 

??2 = XA(r')( cokcr [^l] V /(^ - 1) coker [£ L ] V )- 
Then we deduce the desired equality 771 = Ql/l' ' V2, by using Equality (|3l?j) . Corollary 12.3.21 
Lemma [2.3. 4[ Proposition 12.3.51 and Proposition 14.2. ll In fact, if d > 3, then 7/1 = 772 = (1); if 
d = 2, then ??1 = w LVJC and 772 = (1); if d = 1, then 771 = (\A[p™](K)\ 2 /\A[p™](K) n A[p°°](L) dlv \) 
and 772 = (\A\p°°](K) n A[p°°](L) dfo |). 

□ 

5.3. The proof of Theorem [3j Write F w = ker[w] and = for wef. Denote 

c(cj) = corank Zp Sel p ^>(A/L) r . 



Lemma 5.3.1. For every lu G T, 



s(uj) > 



c(w) > c(uj p ). 
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Proof. There is an w -homomorphism 

(O u Selpc — ► O w Selpoc. (A/i) r " 
eeryr^ 

of finite kernel and cokernel. Since T/r u is cyclic, every e E T/T" equals a uj p for some integer i 
and some a e Gal(Q p /Q p ). Obviously, s{°u/) = s{oj p *). Therefore, if \T/T U \ =p n , then 

71 

c(w) = X)[Q P (/ip»-0 : Q P ] • 

whence c(w) = c(w p ) + [Q p (/ip») : Q p ] ■ s(w). □ 

Lemma [3.2.11 asserts that H 1 (r^,A(L„)) is finite for every w not sitting over 5* and is trivial 
for almost all w. Since Xl is finitely generated over A(r w ), Proposition 11.2.11 implies that the 
Zp-module 'H 1 {A,L/ 'L u ) = Y\ w H 1 (r^, A(L W )), where w runs over all places of L u , is cofinitely 
generated. Consider the commutative diagram: 



H 1 (i", A[p°°]) d i 
'H 1 {A/L u )div - 



{n\L,A\p^\f w ) dhl 
^ (H}(A/L) r ") div . 



Here the isomorphism is due to ([5]) and © . The diagram and its counterpart for uj v together yield 
the commutative diagram of exact sequences (by snake lemma) 



: tempdiagram (46) Sel p °o(A/L" ) ( n v 



Se\ p -{A/L") di . 



(Selp»(A/L) r " ) dlv 



(Sel p ~(A/L) r ") dw 



■H 1 (A,L/L uP ) 



div 



■ coker [C L u 



i div 



^(A, L/L u ) di , 



=->- coker [C L «] div , 

in which all vertical arrows as well as the restriction maps and r u have finite kernels and 



e:capl (47) 



e : cap2 (48) 



e : cap3 (49) 



Im r u C\ Im t = Im r u os, 
Im x O Im j u = Im ioj uP , 
Im y C\ Im i^iu = Im y o . 



1 : tempi 



Lemma 5.3.2. The following conditions are equivalent: 

(a) s(u) > 0. 

(b) The "Lp-corank of Sel p °°(A/L^) is greater than that of Scl p =o (A/L u ) or the "L p -corank of 
n l {A,LlL u ) is greater than that of U 1 (A, L / X" r ') . 

Proof. Lemma 15.3.11 says that (a) means the cokernel of t has positive corank. In view of the 
equalities ([4"7|). P5j) and (HHJ), we only need to check that this holds if 

corankz p coker [Cl u ] > corankz p coker [C L u,p] . 

But by (|40p . this means rank Zp T p Sel(A*/L") > rank Zp T p Sel(A* or equivalently, 

corank Zp Sc\ p o«(A/L u ) > corank Zp Scl p =o (A/L" P ), 

as A and A 1 are isogenous. Then the desired implication follows from (|47[) . □ 
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: composition 



Lemma 5.3.3. The following conditions are equivalent: 

(a) corank Zp H l {A,L/L") > corank Zp H 1 (A, L / ) . 

(b) There exists some split-multiplicative v £ S, splitting completely over L w /K, such that 
either rankz p T v = 1 and W v — or rank^ T v > 2. 

Proof. Suppose v £ S is split- multiplicative. If v does not split completely over L u , then the 
H 1 ^, ,4(L„)) di „ is fixed by T" P , hence the restriction map H 1 (Tf , A(L v )) dlv — > H 1 ^ A{L )) dlv 
is surjective. Suppose v splits completely over L u . Then it follows from Proposition 13.4.11 and 
Lemma [3.4.21 that v satisfies the condition (b) if and only H 1 (r", A(L v ))di V is of positive corank, 
whence Q v ®z p ]\ w \ v H 1 (r^, A{L W )Y contains a regular representation of T/T u over Q p . □ 

Now we prove Theorem [3] 

Proof, (of Theorem [3]) Suppose |r/r u | = p n for some n. We can choose topological generators 
7i, 7rf of r so that 71, 72, 7 d become topological generators of T u . For i = 1, d—1, write \T/i 
for the subgroup topologically generated by 71, ...,7j and denote ZA*5 = L*% rW = Gal(i^'/A') = 
r/^i. Then a; factors through a continuous character a/ 1 ) : rW — > fj, p n. As before, we have 
the specialization / : A(rW) — ^ A(r^ +1 '), induced by the quotient map, as well as 

p u (i) : O w A(rW) — >• O w , induced by cjW. Then p L/L(i ) = p L «-i)/ L w a ■ ■ ■ op L/Lm , and p u can 
be expressed as the composition 

(50) Pu=P u w °Pl/lW- 

Let SP(A/L) denote the set of places v £ S satisfying the condition (b) of Lemma l5.3.3l Suppose 
d > 3. We choose 71, jd so that ^d-2 intersects properly with both the inertia subgroup r* and 
the decomposition group T v for all v £ S. Then, for i = 1, d — 2, the extension / K remains 
ramified at every place v £ S. Furthermore, we have 



Then SP{A/L) 




ranker,,, 

2 + A, N > 0, 



if rank Zp r„ < 2; 
otherwise. 



where p r ' 



--■■■ = SP{A/U d - 2 >). Also, by Theorem^ for i = 1, d-2, 

©1,(0 ■ {P mz ) =Pi(i-i)/i(i)(©i(i-i))i 

These formulae together imply 

P^(©l) = p u (d-2){Q L (d-2)) = 0. 

It follows from Lemma 15.3.21 15.3.31 that by replacing Xl by X L (a-2), we can reduce the proof to 
the d < 2 case. Suppose d = 2 and take L' = L' 1 ). If SP(A/L) is non-empty containing a place v, 
then TheoremQJc) asserts that = 0, whence 

P u w{Ql/l') -Puj{®l) =P u m{QL/L' -Pl/lw{®l)) = P^cd (JJ ■ ©i') = 0. 

But by Lemma[2X2 p wW G? £/i = n A[p°°}(L')\) 2 0. Thus, p u {Q L ) = and the 

theorem holds in this case. If SP(A/L) is empty, then SP(A/L^) is also empty and TheoremQ] 
implies 

pU®l) = p uM (Q LW ) = 0. 

Therefore, we can reduce the proof to the d—1 case. But, obviously, the theorem holds in the 
d = 1 case. 

□ 
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